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A price (and quantity) index, 𝐼(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) , is a function of the price and quantity vectors, 𝒑𝒕 ≡ (𝑝$% , 𝑝&% , …	𝑝'% , … , 𝑝(%)  

and  𝒒𝒕 ≡ (𝑞$% , 𝑞&% , …	𝑞'% , … , 𝑞(%) respectively, pertaining to two periods, t = 0 and t=1 say, and 𝐼(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) is supposed to be 

a summary representation of the amount of price change that took place between periods 0 and 1 in the n commodities. The function 

𝐼(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) should satisfy various mathematical properties that seem “reasonable” (Diewert, 2011, P. 1; 2001, P. 23).  

The axiomatic approach to index number focuses on criteria (desirable mathematical properties, or “axioms” of index functions) 

useful to evaluate index formulas. A system of axioms is a collection of certain minimum standards an index should obey. Axioms, also 

called tests, help to decide which index formulae are reasonable, and therefore to be admitted and which are meaningless and to be 

rejected (von der Lippe, 2001, P. 21, 52-53) 

In the axiomatic theory the prices and the quantities of commodities are considered as independent variables. No assumption is 

made concerning some underlying optimizing behavior which may cause the interrelationship between price and quantity (Balk, 2008, 

P. 54). 

2.1. Tests for Bilateral Index Numbers 

The term “bilateral index” means an index such that the function I depends only on the data pertaining to the two periods being 

compared. That is, I is a function of the two sets of price and quantity vectors, 𝒑𝟎, 𝒑𝟏, 𝒒𝟎, 𝒒𝟏. 

A. The Product Test. Let there are two indices – price index 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) and quantity index 𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎). These two 

indices, 𝐼) and 𝐼* , are said to satisfy the product test when 

𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟎

= 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)  ,        (2.1.1) 

where  𝒑𝟏 ∙ 𝒒𝟏  is the inner product of a price vector 𝒑𝟏 and a quantity vector 𝒒𝟏 , and 𝒑𝟎 ∙ 𝒒𝟎 is the inner product of 𝒑𝟎 and 𝒒𝟎 .  

We have already seen the inner products of two vectors, p and q, in equations (1.2.6) and (1.2.7). Equation (2.1.1) means that as 

soon as the functional form for the price index IP is determined, then the quantity index Iq may be obtained from equation (2.1.1).  
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In particular, the product of a Laspeyres price index and a Paasche quantity index (and the reverse) equals the total value ratio 

(see 1.2.15). Both Laspeyres – Paasche pairings satisfy the product test. 

This test is also satisfied by Fisher's index number formula. The Fisher index is calculated by taking the geometric mean of the 

Laspeyres and Paasche indices, that is the Fisher price index formula can thus be written as 

𝐼).(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = .
∑ )#$*#%&
#'$

∑ )#%*#%&
#'$

× ∑ )#$*#$&
#'$

∑ )#%*#$&
#'$

= 0𝒑𝟏∙𝒒𝟎
𝒑𝟎∙𝒒𝟎

1
$/&

0𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟏

1
$/&

 ,      (2.1.2) 

and the Fisher quantity index formula can be written as 

𝐼*.(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = .
∑ )#%*#$&
#'$

∑ )#%*#%&
#'$

× ∑ )#$*#$&
#'$

∑ )#$*#%&
#'$

= 0𝒑𝟎∙𝒒𝟏
𝒑𝟎∙𝒒𝟎

1
$/&

0𝒑𝟏∙𝒒𝟏
𝒑𝟏∙𝒒𝟎

1
$/&

 .      (2.1.3) 

De Boer & Rodrigues (2019, P.3) have provided important clarification on this test: 

[Fisher] “proved that from all at that time existing pairs of price and quantity indices only the product of his pair [pair of the 

Fisher price and quantity indices] satisfied the product test. That is the reason why he called his pair of indices ‘ideal’. After the contri-

bution of Fisher two other pairs of ideal index numbers were discovered. Montgomery (1929, 1937) and, independently, Vartia (1974; 

1976), proposed a solution, the so-called Montgomery-Vartia index. Another solution was, independently, proposed by Sato (1976) and 

Vartia (1974; 1976), the so-called Sato-Vartia index.” We will return to this index in Lectures 2-3 and 4. 

B. Positivity Test  

𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) > 0       (2.1.4) 

𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) > 0       (2.1.5) 

C. Continuity Test  

𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)  and  𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)  are continuous functions of 𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎. 
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It is obvious that Laspeyres, Paasche and Fisher price and quantity indices satisfy the positivity and continuity tests. 

D. Identity Test 

D1. Case of a price index (constant prices test): 

𝐼)(𝒑, 𝒒𝟏, 𝒑, 𝒒𝟎) = 1       (2.1.6) 

If the price for each commodity is identical during the two periods, then the price index equals 1. The two quantity vectors,  𝒒𝟏  

and  𝒒𝟎 , are allowed to be different in this test. 

If 𝒑𝟏 and 𝒑𝟎 both equal to 𝒑, then the expression (1.2.11) becomes equal to 1. So, the Laspeyres price index satisfies this test.  

The Paasche price index is 

𝐼)1 =
𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟏

       (2.1.7) 

Analogously one can show that the Paasche price index also satisfies this test.  

D2. Case of a quantity index: 

𝐼*(𝒑𝟏, 𝒒, 𝒑𝟎, 𝒒) = 1       (2.1.8) 

If the quantity of every product is identical in both periods, then the quantity index should equal unity, no matter what the price 

vectors are [Producer Price Index Manual (2004), P. 13]. If 𝒒𝟏 and 𝒒𝟎 both equal to 𝒒, then the expression (1.2.12) becomes equal to 1. 

So, the Paasche quantity index satisfies this test. 

The Laspeyres quantity index is 

𝐼*2 =
𝒑𝟎∙𝒒𝟏
𝒑𝟎∙𝒒𝟎

  .     (2.1.9) 

It satisfies the identity test. 
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Being a geometric mean of the Paasche and Laspeyres indices, the Fisher index also satisfies tests D1 and D2. 

E. Homogeneity Tests 

E1. Linear homogeneity in comparison period prices: 

𝐼)(𝜆𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝜆𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)       (2.1.10) 

If all comparison period (period 1) prices are raised λ times, then the price index is raised λ times. In other words, the price index 

function is homogeneous of degree one (linear homogeneous) in comparison period prices. 

E2. Linear homogeneity in comparison period quantities: 

𝐼*(𝒑𝟏, 𝜆𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝜆𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)       (2.1.11) 

E3. Homogeneity of degree minus one in base period prices: 

𝐼)(𝒑𝟏, 𝒒𝟏, 𝜆𝒑𝟎, 𝒒𝟎) =
$
3
𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)       (2.1.12) 

E4. Homogeneity of degree minus one in base period quantities: 

𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝜆𝒒𝟎) =
$
3
𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)       (2.1.13) 

E5. Invariance to proportional changes in current quantities (Diewert, 2011, P. 3): 

𝐼)(𝒑𝟏, 𝜆𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)     (2.1.14)  

E6. Invariance to proportional changes in base quantities: 

𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝜆𝒒𝟎) = 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)    (2.1.15) 

E7. Invariance to proportional changes in current prices (Export and Import Price Index Manual, 2009, para. 17.65): 
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𝐼*(𝜆𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)     (2.1.16)  

Functional forms of Laspeyres, Paasche and Fisher price and quantity indices allow us to conclude that all three of these indices 

satisfy tests E1 – E7.  

F. Commodity Reversal Test (or invariance to changes in the ordering of commodities) 

F1. Case of a price index: 

𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼)(𝒑𝟏∗, 𝒒𝟏∗, 𝒑𝟎∗, 𝒒𝟎∗) ,     (2.1.17) 

where p* denotes a permutation of the components of the vector p and q* denotes the same permutation of the components of q (Diewert, 

2011, P. 4). 

F2. Case of a quantity index: 

 

𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼*(𝒑𝟏∗, 𝒒𝟏∗, 𝒑𝟎∗, 𝒒𝟎∗) .     (2.1.18)  

It is obvious that Laspeyres, Paasche and Fisher price and quantity indices satisfy tests F1 and F2, respectively. 

G. Dimensional Invariance (or commensurability) 

G1. Case of a price index: 

Suppose there are n numbers: λ1, λ2, …, λn. The commensurability test is 

𝐼)(𝑝$$, 𝑝&$, … , 𝑝($; 	𝑞$$, 𝑞&$, … , 𝑞($; 	𝑝$5, 𝑝&5, … , 𝑝(5; 	𝑞$5, 𝑞&5, … , 𝑞(5) =

𝐼) 0𝜆$𝑝$$, 𝜆&𝑝&$, … , 𝜆(𝑝($; 	
$
3$
𝑞$$,

$
3(
𝑞&$, … ,

$
3&
𝑞($; 	𝜆$𝑝$5, 𝜆&𝑝&5, … , 𝜆(𝑝(5; 	

$
3$
𝑞$5,

$
3(
𝑞&5, … ,

$
3&
𝑞(51 .    (2.1.19) 

We may consider the set of numbers { λ1, λ2, …, λn } as a diagonal matrix: 
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𝚲 =

⎣
⎢
⎢
⎢
⎡
𝜆$ 0 0 … 0
0 𝜆& 0 … 0
0 0 𝜆6 … 0
… … … … …
0 0 0 … 𝜆(⎦

⎥
⎥
⎥
⎤

 .     (2.1.20)   

Then equation (2.1.19) can be rewritten as 

𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼)(𝒑𝟏𝚲, 𝒒𝟏𝚲7𝟏, 	𝒑𝟎𝚲, 	𝒒𝟎𝚲7𝟏) ,    (2.1.21) 

where 𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎 are 1×n row vectors. 

In equation (2.1.21),  𝒑𝟏𝚲, 𝒒𝟏𝚲7𝟏, 	𝒑𝟎𝚲, 	𝒒𝟎𝚲7𝟏  are 1×n row vectors, not scalars.  

For example, if  𝒒𝟏 = (𝑞$$, 𝑞&$, 𝑞6$) and  𝚲 = >
5 0 0
0 12 0
0 0 6

B , then   

𝒒𝟏𝚲7𝟏 = (𝑞$$, 𝑞&$, 𝑞6$)

⎣
⎢
⎢
⎢
⎡
$
8

0 0

0 $
$&

0

0 0 $
9⎦
⎥
⎥
⎥
⎤
= 0*$$

8
, *($
$&
, *)$
9
1  ,    (2.1.21a) 

where  𝚲7𝟏  is the inverse of the diagonal matrix 𝚲. The inverse of a diagonal matrix is given by replacing the main diagonal elements 

of the matrix with their reciprocals. 

The property expressed by (2.1.19) and (2.1.21) inter alia mean that the price index is invariant to changes in the units of meas-

urement of the commodities. 

G2. Case of a quantity index: 

𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼*(𝒑𝟏𝚲, 	𝒒𝟏𝚲7𝟏, 	𝒑𝟎𝚲, 	𝒒𝟎𝚲7𝟏) .     (2.1.22)  
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This inter alia means that the quantity index is invariant to changes in the units of measurement of the commodities. For example, 

consider the following data: 

TABLE 2.1. THE SOURCE DATA REQUIRED TO COMPILE THE LASPEYRES QUANTITY INDEX 

No Product Unit of measure 

Unit price in Rubles (price 
for a single unit of meas-
ure of a product) in June 

of 2006 
p0 

Output in 
June of 2006 

 
q0 

Output in 
June of 2007 

 
q1 

1 Ammonia  thousand metric tons 1579314 925 1026 

2 Fertilizers, nitrogenous 
thousand metric tons of 
contained nitrogen 2409939 478 529 

3 Fertilizers, phosphatic  thousand metric tons 3267424 218 227 
4 Fertilizers, potassic  thousand metric tons 983676 526 620 
5 Plastics  metric tons 16683 288831 371783 
6 Chemical fibres  metric tons 38749 13051 12937 
7 Synthetic rubber  metric tons 25183 83650 87247 

The Laspeyres quantity indexes for the above group of products is 

𝐼!" =
𝒑𝟎∙𝒒𝒕
𝒑𝟎∙𝒒𝟎

= &'()*&+×&-./0.+-))*)×'.)0*./(+.+×..(0)1*/(/×/.-0&//1*×*(&(1*0*1(+)×&.)*(0.'&1*×1(.+(
&'()*&+×).'0.+-))*)×+(10*./(+.+×.&10)1*/(/×'./0&//1*×.111*&0*1(+)×&*-'&0.'&1*×1*/'-

.   (2.1.23)   

If we suppose now that  λ1=1, λ2=1, λ3=1, λ4=1, λ5=1000, λ6=1000, λ5=1000 , then (in accordance with 2.1.19)     

𝐼!" =
&'()*&+×&-./0.+-))*)×'.)0*./(+.+×..(0)1*/(/×/.-0&---×&//1*×#$%$&#%''' 0&---×*1(+)×

%()#$
%''' 0&---×.'&1*×

&$(*$
%'''

&'()*&+×).'0.+-))*)×+(10*./(+.+×.&10)1*/(/×'./0&---×&//1*×(&&&#%%''' 0&---×*1(+)×
%#'+%
%''' 0&---×.'&1*×

&#,+'
%'''

  

  (2.1.24) 
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The above formulas (2.1.23) and (2.1.24) give us the same Laspeyres quantity index number (1,166 or 116,6%). 

In Table 2.1, the quantities for commodities i=5,6,7 are measured in metric tons, and the prices for these commodities are meas-

ured in Rubles per metric ton.  For example, p50=16683 Rubles, q50=288831 metric tons, q51=371783 metric tons. However, the price 

p50’=16683×1000 is measured in Roubles per kiloton, and the quantities  𝑞85: = 288831
1000  and  𝑞8$: = 371783

1000  are measured in thousand 

metric tons. Nevertheless, despite the fact that the units of measurement have been changed, the Laspeyres quantity index remained 

unchanged.  

Taking into account the example above, it became obvious that Laspeyres, Paasche and Fisher price and quantity indices satisfy 

tests G1 and G2, respectively. 

H. Time Reversal Test. This test requires that the index for period 1compared with period 0 should be the reciprocal of that for 

period 0 compared with 1 (System of National Accounts 2008, para. 15.31, P.299). 

H1. Case of a price index: 

𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) =
$

;*(𝒑𝟎,𝒒𝟎,𝒑𝟏,𝒒𝟏)
 ,     (2.1.25)  

The Laspeyres and Paasche indices on their own do not pass this test. However, the Fisher index does pass this test. These facts 

can be explained as follows: 

𝐼)2(𝒑𝟎, 𝒒𝟎, 𝒑𝟏, 𝒒𝟏) =
𝒑𝟎∙𝒒𝟏
𝒑𝟏∙𝒒𝟏

     (2.1.26)  

¯ 

$
;*+(𝒑𝟎,𝒒𝟎,𝒑𝟏,𝒒𝟏)

= 𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟏

    (2.1.27)  

In equation (2.1.27), the expression on the right side of the "=" sign is the Paasche price index, 𝐼)1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎). So,  
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$
;*+(𝒑𝟎,𝒒𝟎,𝒑𝟏,𝒒𝟏)

≠ 𝐼𝑝𝐿(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎).     (2.1.28)  

Analogously, 

𝐼)1(𝒑𝟎, 𝒒𝟎, 𝒑𝟏, 𝒒𝟏) =
𝒑𝟎∙𝒒𝟎
𝒑𝟏∙𝒒𝟎

     (2.1.29)  

¯ 

$
;*,(𝒑𝟎,𝒒𝟎,𝒑𝟏,𝒒𝟏)

= 𝒑𝟏∙𝒒𝟎
𝒑𝟎∙𝒒𝟎

= 𝐼𝑝𝐿(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)     (2.1.30)  

Hence, 

$
;*,(𝒑𝟎,𝒒𝟎,𝒑𝟏,𝒒𝟏)

≠ 𝐼𝑝𝑃(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎).     (2.1.31)  

However 

&
𝐼𝑝𝐹;𝒑𝟎,𝒒𝟎,𝒑𝟏,𝒒𝟏<

= $
&

𝐼𝑝𝐿;𝒑𝟎,𝒒𝟎,𝒑𝟏,𝒒𝟏<×𝐼𝑝𝑃;𝒑𝟎,𝒒𝟎,𝒑𝟏,𝒒𝟏<
= %

&
𝒑𝟎∙𝒒𝟏
𝒑𝟏∙𝒒𝟏

×𝒑𝟎∙𝒒𝟎𝒑𝟏∙𝒒𝟎

= $
𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟏

× 𝒑𝟏∙𝒒𝟎
𝒑𝟎∙𝒒𝟎

= 

$𝐼=>'𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎( × 𝐼="'𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎( = 𝐼=?'𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎(     (2.1.32)  

H1. Case of a quantity index: 

𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) =
$

;1(𝒑𝟎,𝒒𝟎,𝒑𝟏,𝒒𝟏)
     (2.1.33)  

It can be analogously shown that Laspeyres and Paasche indices on their own do not pass this test. However, the Fisher index 

does pass this test. 
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I. Quantity Reversal Test (quantity weights symmetry test): 

𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼)(𝒑𝟏, 𝒒𝟎, 𝒑𝟎, 𝒒𝟏) ,     (2.1.34) 

This property means that if the quantity vectors for the two periods are interchanged, then the price index remains invariant. The 

Laspeyres and Paasche price indices are unable to pass the quantity reversal test, namely: 

𝐼)2(𝒑𝟏, 𝒒𝟎, 𝒑𝟎, 𝒒𝟏) =
𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟏

= 𝐼)1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)     (2.1.35)  

𝐼)1(𝒑𝟏, 𝒒𝟎, 𝒑𝟎, 𝒒𝟏) =
𝒑𝟏∙𝒒𝟎
𝒑𝟎∙𝒒𝟎

= 𝐼)2(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)     (2.1.36)  

However, the Fisher price index satisfies this test. Taking into account (2.1.35) and (2.1.36), we have: 

𝐼).(𝒑𝟏, 𝒒𝟎, 𝒑𝟎, 𝒒𝟏) = C𝐼)2(𝒑𝟏, 𝒒𝟎, 𝒑𝟎, 𝒒𝟏) × 𝐼)1(𝒑𝟏, 𝒒𝟎, 𝒑𝟎, 𝒒𝟏) = C𝐼)1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) × 𝐼)2(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼).(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) .  

    (2.1.37)  

J. Price Reversal Test (price weights symmetry test): 

)𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟎

* 𝐼𝑝'𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎(+ = )𝒑𝟎∙𝒒𝟏
𝒑𝟏∙𝒒𝟎

* 𝐼𝑝'𝒑𝟎, 𝒒𝟏, 𝒑𝟏, 𝒒𝟎(+      (2.1.38)  

If the price and quantity indices satisfy the product test (test A), then equation (2.1.38) can be rewritten in the following equiv-

alent form: 

𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼*(𝒑𝟎, 𝒒𝟏, 𝒑𝟏, 𝒒𝟎) .    (2.1.39)  

That is, if the price vectors for the two periods are interchanged, then the quantity index remains invariant. This test is the 

analogue to test I applied to quantity indices. Thus, if prices for the same good in the two periods are used to weight quantities in the 
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construction of the quantity index, then property (2.1.39) implies that these prices enter the quantity index in a symmetric manner (see 

Producer Price Index Manual, 2004, para. 16.49; Diewert, 2011, P. 5).  

The Laspeyres and Paasche quantity indices fail to satisfy (2.1.38) and (2.1.39), namely: 

𝐼*2(𝒑𝟎, 𝒒𝟏, 𝒑𝟏, 𝒒𝟎) =
𝒑𝟏∙𝒒𝟏
𝒑𝟏∙𝒒𝟎

= 𝐼*1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) .    (2.1.40)  

Analogously, 

𝐼*1(𝒑𝟎, 𝒒𝟏, 𝒑𝟏, 𝒒𝟎) =
𝒑𝟎∙𝒒𝟏
𝒑𝟎∙𝒒𝟎

= 𝐼*2(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) . (2.1.41)  

However, the Fisher index satisfies this test. Taking into account (2.1.40) and (2.1.41), this fact becomes obvious. 

K. Mean value test 

K1. Case of a price index. The price index lies between the minimum and maximum values for the set of the individual com-

modity price relatives: 

min
'

)#$
)#%

≤ 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ max
𝑖

)#$
)#%

 ,     i=1, 2,…n.     (2.1.42)  

The mean value property is closely related fundamental properties of index functions, ensuring that this function will behave 

like an average [of all individual commodity price relatives] (see Von Der Lippe, 2001, P. 59) 

The Laspeyres price index is the weighted arithmetic mean of the price relatives )$$
)$%

 ,  )($
)(%

  , … )#$
)#%

 , …  )&$
)&%

  (see 1.2.13). Therefore, 

it obviously satisfies (2.1.42). 

It is known that a mean of a set always lies between the extremes of the set. So, it can be easily shown that the Paasche price 

index also satisfies (2.1.42). 

One can use the multiplication property of inequalities to prove that Fisher price index also satisfies (2.1.42). 
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You can multiply corresponding members of two inequalities that point in the same direction, provided that all the 

quantities involved are positive. Also roughly speaking, multiplying by negative quantities tends to turn inequalities around. 

Here are precise statements. 

Let A, B, C, and D be real quantities such that A<B and C≤D. 

If 0<A<B and 0<C≤D, then 0<AC<BD.   

http://people.sju.edu/~pklingsb/ineq.pdf 

min
'

)#$
)#%

≤ 𝐼)2(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ max
𝑖

)#$
)#%

     and     min
'

)#$
)#%

≤ 𝐼)1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ max
𝑖

)#$
)#%

 

¯ 

     min
'

)#$
)#%

≤ 𝐼).(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ max
𝑖

)#$
)#%

     

K2. Case of a quantity index: 

min
'

*#$
*#%
≤ 𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ max

𝑖
*#$
*#%

 ,     i=1, 2,…n.     (2.1.43)  

We can show by a line of reasoning analogous to that of the preceding paragraph (K1) that Laspeyres, Paasche and Fisher 

quantity indices satisfy test K2. 

L. Paasche and Laspeyres Bounding Test  

The price index lies between the Laspeyres and Paasche indices: 

𝐼)2(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ 𝐼)1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)     or      𝐼)1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ 𝐼)2(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)    

  (2.1.44)  

This test may be used under the axiomatic approach that requires the price index to lie between the Laspeyres price index and 

the Paasche price index (Producer Price Index Manual, 2004, Glossary, P. 605). 
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As we observed in a previous lecture (see 1.2.15), the total value relative (that is, the aggregate nominal growth rate) is equal to 

the product of the Laspeyres price and Paasche quantity indices: 

𝐼5,$ = 𝐼)2(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) × 𝐼*1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)  .     (2.1.45)  

Dividing all components of inequality (2.1.44) by 𝐼)2(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) × 𝐼*1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) yields  

&
A12(𝒑𝟏,𝒒𝟏,𝒑𝟎,𝒒𝟎)

≤ &
A1(𝒑𝟏,𝒒𝟏,𝒑𝟎,𝒒𝟎)

≤ &
A13(𝒑𝟏,𝒒𝟏,𝒑𝟎,𝒒𝟎)

     or      
&

A13(𝒑𝟏,𝒒𝟏,𝒑𝟎,𝒒𝟎)
≤ &

A1(𝒑𝟏,𝒒𝟏,𝒑𝟎,𝒒𝟎)
≤ &

A12(𝒑𝟏,𝒒𝟏,𝒑𝟎,𝒒𝟎)
    

   (2.1.46)  

It follows from (2.1.46) that 

𝐼*2(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ 𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ 𝐼*1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)     or      𝐼*1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ 𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ≤ 𝐼*2(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)    

  (2.1.47) 

The above is a test where the quantity index 𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) that corresponds to 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) via (2.1.45) is to lie between 

the Laspeyres and Paasche quantity indices (see Producer Price Index Manual, 2004, para. 16.52; Diewert, 2011, P. 6). The test (2.1.47) 

turns out to be equivalent to test (2.1.44). 

Being a geometric mean of the Paasche and Laspeyres indices, the Fisher index satisfies the Paasche and Laspeyres bounding 

test. 

M. Monotonicity Test  

M1. Monotonicity in prices  

Let there be two different scenarios for the comparison period (t =1 and t =1*) and the base period (t =0 and t =0*). 

If for all commodities   𝑝'$∗ ≥ 𝑝'$  (i=1, 2,…n) and for at least one i strict, then the strict monotonicity test postulates that 
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𝐼)(𝒑𝟏∗ , 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) > 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ;    (2.1.48)  

and if for all commodities 𝑝'5∗ ≥ 𝑝'5 and for at least one i strict, then the strict monotonicity test postulates that 

𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎∗ , 𝒒𝟎) < 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)    (2.1.49)     (Ludwig von Auer, 2004, P.3) 

In other words, the price index Ip is increasing in comparison period prices and is decreasing in base period prices. 

It is known that, if the derivative f '(x) of a continuous function f(x) satisfies f '(x)>0 on an open interval (a,b), then f(x) is increas-

ing on (a,b). The derivative of Laspeyres price index function with respect to comparison period price is positive 

A
A)3$

I∑ )#$*#%
&
#'$

∑ )#%*#%&
#'$

J = *3%
∑ )#%*#%&
#'$

  .     (2.1.50)  

And its derivative with respect to base period price is negative: 

A
A)3%

I∑ )#$*#%
&
#'$

∑ )#%*#%&
#'$

J = − ∑ )#$*#%
&
#'$

B∑ )#%*#%&
#'$ C(

× 𝑞D5  .     (2.1.51)  

So, the Laspeyres price index satisfies the monotonicity test. Analogously one can show that the Paasche and Fisher price indices 

satisfy this test. 

M2. Monotonicity in quantities:  

The quantity index Iq is increasing in comparison period quantities and is decreasing in base period quantities. 

The Laspeyres, Paasche and Fisher quantity indices satisfy the monotonicity test (it can be proven analogously). 

N. Circularity (Transitivity) Test  

When an index is transitive, the index that compares periods 2 and 0 indirectly through period 1 is identical with the index that 

compares 2 and 0 directly (Consumer Price Index Manual, 2004, Glossary, P.444). 

N1. Case of a price index: 
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𝐼)(𝒑𝟐, 𝒒𝟐, 𝒑𝟏, 𝒒𝟏) × 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼)(𝒑𝟐, 𝒒𝟐, 𝒑𝟎, 𝒒𝟎)     (2.1.52)  

The price index number for period 2 relative to period 1 times the price index number for period 1 relative to period 0 is equal 

to the price index number for period 2 relative to period 0 (Balk, 2008, P.78). 

Let us assume that the Laspeyres price index satisfies the circularity test, that is, the following equation is correct. 

∑ )#$*#%
&
#'$

∑ )#%*#%&
#'$

× ∑ )#(*#$
&
#'$

∑ )#$*#$&
#'$

= ∑ )#(*#%
&
#'$

∑ )#%*#%&
#'$

					?     (2.1.53)  

It follows from (2.1.53) that 

∑ )#(*#$
&
#'$

∑ )#$*#$&
#'$

= ∑ )#(*#%
&
#'$

∑ )#$*#%&
#'$

    NOT TRUE     (2.1.54)  

Equation (2.1.54) in general may not be true due to the fact that  𝒒𝟏 ≠ 𝒒𝟎 .  So, our assumption was wrong. Therefore, the 

Laspeyres price indexes DOES NOT satisfy the circularity test.     

It can be shown analogously that the Paasche price index, Laspeyres and Paasche quantity indices do not satisfy the circularity 

test. 

The following theorem provides more general conditions under which a price index should satisfy the circularity test. 

THEOREM 2.1. (Funke, Hacker, and Voeller, 1979; Balk,1995) 

A price index 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) satisfies the monotonicity test M1, linear homogeneity test E1, identity test D1, dimensional 

invariance (commensurability) test G1, and circularity test N1 if and only if it is the geometric (Cobb-Douglas) index  

𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = ∏ I)#,$
)#,%
J
F#

(
'G$  ,     (2.1.55) 

where  𝛼' > 0 and  ∑ 𝛼(
'G$ ' = 1. 

Proof (the forward direction =>) (Balk,1995, P.81-82):  Rewriting (2.1.52) gives: 
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𝐼)(𝒑𝟐, 𝒒𝟐, 𝒑𝟏, 𝒒𝟏) =
;*(𝒑𝟐,𝒒𝟐,𝒑𝟎,𝒒𝟎)

;*(𝒑𝟏,𝒒𝟏,𝒑𝟎,𝒒𝟎)
 .     (2.1.56)   

Let us fix p0 and q0 at some arbitrary level and let g(p,q) be the function defined by 

𝐼)(𝒑, 𝒒, 𝒑𝟎, 𝒒𝟎) ≡ 𝑔(𝒑, 𝒒),     (2.1.57)  

where p0 and q0 are fixed. 

Then equation (2.1.56) becomes  

𝐼)(𝒑𝟐, 𝒒𝟐, 𝒑𝟏, 𝒒𝟏) =
H(𝒑𝟐,𝒒𝟐)
H(𝒑𝟏,𝒒𝟏)

 .     (2.1.58)  

Then, replacing p2 with p1 in equation (2.1.58), we get 

𝐼)(𝒑𝟏, 𝒒𝟐, 𝒑𝟏, 𝒒𝟏) =
H(𝒑𝟏,𝒒𝟐)
H(𝒑𝟏,𝒒𝟏)

  ,     (2.1.59)  

where 

𝑔(𝒑𝟏, 𝒒𝟏) = 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) ,     (2.1.60)  

𝑔(𝒑𝟏, 𝒒𝟐) = 𝐼)(𝒑𝟏, 𝒒𝟐, 𝒑𝟎, 𝒒𝟎) .     (2.1.61)  

Under the conditions of Theorem 2.1, the price index Ip satisfies the identity test D1 [ 𝐼)(𝒑, 𝒒𝟏, 𝒑, 𝒒𝟎) = 1, see 2.1.6]. So, we 

can apply D1 to the left-hand side of (2.1.59) to get  𝐼)(𝒑𝟏, 𝒒𝟐, 𝒑𝟏, 𝒒𝟏) = 1. 

Hence,  

𝑔(𝒑𝟏, 𝒒𝟐) = 𝑔(𝒑𝟏, 𝒒𝟏) .     (2.1.62)  

Thus g(p, q) does not depend on q, and we can write g(p,q)=g(p).  

Applying the dimensional invariance G1 to 𝐼)(𝒑𝟐, 𝒒𝟐, 𝒑𝟎, 𝒒𝟎) and 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) we obtain 
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𝐼)(𝒑𝟐, 𝒒𝟐, 𝒑𝟎, 𝒒𝟎) = 𝐼)(𝒑𝟐𝚲, 𝒒𝟐𝚲7𝟏, 	𝒑𝟎𝚲, 	𝒒𝟎𝚲7𝟏) = 𝑔(𝒑𝟐𝚲)    (2.1.63)  

𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼)(𝒑𝟏𝚲, 𝒒𝟏𝚲7𝟏, 	𝒑𝟎𝚲, 	𝒒𝟎𝚲7𝟏) = 𝑔(𝒑𝟏𝚲)     (2.1.64)  

Hence, taking into account (2.1.57), (2.1.63) and (2.1.64), we obtain 

;*(𝒑𝟐,𝒒𝟐,𝒑𝟎,𝒒𝟎)

;*(𝒑𝟏,𝒒𝟏,𝒑𝟎,𝒒𝟎)
= H(𝒑𝟐)

H(𝒑𝟏)
= H(𝒑𝟐𝚲)

H(𝒑𝟏𝚲)
     (2.1.65)  

for all diagonal matrices Λ. 

Let the matrix Λ be given by 

𝚲 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
$
)$,$

0 0 … 0

0 $
)(,$

0 … 0

0 0 $
)),$

… 0
… … … … …
0 0 0 … $

)&,$⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 .     (2.1.66)  

Then (2.1.65) becomes 

H(𝒑𝟐)
H(𝒑𝟏)

=
H(

*$,(
*$,$

,			
*(,(
*(,$

,			…,			
*&,(
*&,$

)

H(𝒊)
  ,     (2.1.67)  

where i is 1×n row vector of all ones. 

We have supposed that  𝑔(𝒑, 𝒒) = 𝐼)(𝒑, 𝒒, 𝒑𝟎, 𝒒𝟎) where p0 and q0 are fixed (see 2.1.57), hence 𝑔(1,1, … ,1) is simply a positive 

real number which does not depend on 𝒑𝟐, 𝒒𝟐, 𝒑𝟏, 𝒒𝟏. 
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Equation (2.1.67) is a multiplicative functional equation in several variables2. The function H(𝒑)
H(𝒊)

 satisfies the monotonicity test. 

The theory of functional equations provides the following solution to equation (2.1.67)3: 

H(𝒑)
H($,$,…,$)

= ∏ (𝑝')F#(
'G$   ,     (2.1.68)    We omit proof of this fact. 

where  ∑ 𝛼(
'G$ ' = 1 . 

As you can see, 𝛼' does not depend on time. 

Equation (2.1.55) follows from (2.1.68). 

Proof (the reverse direction <=):   

Let the price index Ip satisfies the equation 

𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = ∏ I)#,$
)#,%
J
F#

(
'G$  .     (see 2.1.55) 

where  𝛼' > 0 and  ∑ 𝛼(
'G$ ' = 1. 

The above price index obviously satisfies the circularity test N1, monotonicity test M1, linear homogeneity test E1 (due to the 

fact that ∑ 𝛼(
'G$ ' = 1), identity test D1, dimensional invariance (commensurability) test G1. 

Functional forms of Laspeyres, Paasche and Fisher price (and quantity) indices are not consistent with (2.1.55). Thus, these 

indices do not satisfy the circularity test. 

N2. Case of a quantity index: 

 
2 A functional equation is any equation in which the unknown represents a function. 
3 See, for example: Antal Járai. 2005, P. 31; Efthimiou, P. 127-128. 
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𝐼*(𝒑𝟐, 𝒒𝟐, 𝒑𝟏, 𝒒𝟏) × 𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼*(𝒑𝟐, 𝒒𝟐, 𝒑𝟎, 𝒒𝟎) .     (2.1.69)  

The quantity index number for period 2 relative to period 1 times the quantity index number for period 1 relative to period 0 is 

equal to the quantity index number for period 2 relative to period 0 (Balk, 2008, P.79). 

If a quantity index function has the form 

𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = ∏ I*#,$
*#,%
J
F#

(
'G$  ,  𝛼' > 0 and  ∑ 𝛼(

'G$ ' = 1 ,     (2.1.70)  

then it satisfies the circularity test. In order to prove this, we rewrite the left-hand side of (2.1.69) as 

𝐼*(𝒑𝟐, 𝒒𝟐, 𝒑𝟏, 𝒒𝟏) × 𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = R∏ I*#,(
*#,$
J
F#

(
'G$ S × R∏ I*#,$

*#,%
J
F#

(
'G$ S = ∏ I*#,(

*#,%
J
F#

(
'G$ = 𝐼*(𝒑𝟐, 𝒒𝟐, 𝒑𝟎, 𝒒𝟎) .     (2.1.71)  

O. Factor Reversal Test (functional form symmetry test)  

Interchanging prices and quantities transforms any price index into a quantity index and vice versa (Balk, 2008, P.85). For 

example, 𝒑𝟏∙𝒒𝟎
𝒑𝟎∙𝒒𝟎

 is a price index, and 𝒒𝟏∙𝒑𝟎
𝒒𝟎∙𝒑𝟎

 is a quantity index. 

O1. Case of a price index: 

𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) × 𝐼)(𝒒𝟏, 𝒑𝟏, 𝒒𝟎, 𝒑𝟎) =
𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟎

 ,      (2.1.72)  

where  𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎)  and  𝐼)(𝒒𝟏, 𝒑𝟏, 𝒒𝟎, 𝒑𝟎)  are two functions that differ only in that the symbols that represent the inputs of these 

functions, p and q, are swapped to each other.  

If 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) is a good functional form for the price index, then if the roles of prices and quantities are reversed, 

𝐼)(𝒒𝟏, 𝒑𝟏, 𝒒𝟎, 𝒑𝟎) ought to be a good functional form for a quantity index. The product, therefore, of the price index 𝐼)(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) 
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and the quantity index 𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = 𝐼)(𝒒𝟏, 𝒑𝟏, 𝒒𝟎, 𝒑𝟎) ought to equal the value ratio, V1/V0 (Diewert, 2011, P. 8; Producer Price 

Index Manual, 2004, para. 16.59) 

Because Laspeyres and Paasche indices have different functional forms, this implies that they fail the factor reversal test (Pro-

ducer Price Index Manual, 2004, para. 1.75). The most obvious explanation is as follows. 

Let  𝐼)2(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) be a Laspeyres price index, that is, 𝐼)2(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) =
𝒑𝟏∙𝒒𝟎
𝒑𝟎∙𝒒𝟎

. Then the left-hand side of (2.1.72) takes 

the form 

𝒑𝟏∙𝒒𝟎
𝒑𝟎∙𝒒𝟎

× 𝒒𝟏∙𝒑𝟎
𝒒𝟎∙𝒑𝟎

≠ 𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟎

  .     (2.1.73)  

Analogously, we let  𝐼)1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) be a Paasche price index, that is, 𝐼)1(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) =
𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟏

. Then the left-hand side of 

(2.1.72) takes the form 

𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟏

× 𝒒𝟏∙𝒑𝟏
𝒒𝟎∙𝒑𝟏

≠ 𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟎

  .     (2.1.74)  

However, the Fisher index satisfies the factor-reversal test. Let  𝐼).(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) be a Fisher price index, that is, 

𝐼).(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) = .
𝒑𝟏∙𝒒𝟎
𝒑𝟎∙𝒒𝟎

× 𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟏

. Then the left-hand side of (2.1.72) takes the form 

.
𝒑𝟏∙𝒒𝟎
𝒑𝟎∙𝒒𝟎

× 𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟏

× 𝒒𝟏∙𝒑𝟎
𝒒𝟎∙𝒑𝟎

× 𝒒𝟏∙𝒑𝟏
𝒒𝟎∙𝒑𝟏

= 𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟎

  .     (2.1.75)  

O2. Case of a quantity index: 

𝐼*(𝒒𝟏, 𝒑𝟏, 𝒒𝟎, 𝒑𝟎) × 𝐼*(𝒑𝟏, 𝒒𝟏, 𝒑𝟎, 𝒒𝟎) =
𝒑𝟏∙𝒒𝟏
𝒑𝟎∙𝒒𝟎

 ,      (2.1.76)  

Both the Laspeyres and Paasche quantity indices fail the factor reversal test. The Fisher quantity index satisfies the factor reversal 

test. 
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A price or quantity index is called ideal if it satisfies the factor reversal test. Thus, the Fisher price and quantity indices are ideal 

indices.  
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